Abstract Lower and upper estimates are given on the size of a family of subsets of an n-element set containing no three distinct sets satisfying A ∩ B ⊂ C, A ⊂ B. This is a sharpening of an earlier result where the same question was solved under the condition that there are no three distinct sets such that A ∩ B ⊂ C.
Introduction
Let [n] = {1, 2, . . . , n} be a finite set and F ⊂ 2
[n] a family of its subsets. In the present paper, max |F | will be investigated under certain conditions on the family F. The well-known Sperner's Theorem [8] was the first such discovery.
Theorem 1.1 If F is a family of subsets of
The second author was supported by the Hungarian National Foundation There are a very large number of generalizations and analogues of this theorem. Here we will mention only some results where the conditions on F exclude certain configurations which can be expressed by inclusion only (i.e. the conditions can be stated without using intersections, unions, etc.) The first such generalization was obtained by Erdős [3] . The family of k distinct sets with mutual inclusions, F 1 ⊂ F 2 ⊂ . . . F k is called a chain of length k, which we denote simply by P k . For any "small" family of sets P, with specified inclusions between pairs of sets, let La(n, P) denote the size of the largest family F of subsets of [n] which contains no P as a subfamily. In the rest of the paper, the specified Ps will be denoted by normal upper case letters. Erdős extended Sperner's Theorem as follows:
Theorem 1.2 [3] La(n, P k+1 ) is equal to the sum of the k largest binomial coefficients of order n. This bound is tight as the middle k layers of the Boolean lattice form a family of this size which contains no P k+1 .
Now consider families other than chains. Let V r denote the r-fork, which is a family of r + 1 distinct sets:
The quantity La(n, V r ) was first (asymptotically) determined for r = 2.
This was recently generalized:
The family of four distinct subsets satisfying A ⊂ C, A ⊂ D, B ⊂ C is called and denoted by N. Another recent result is the following one:
holds.
The goal of the present paper is to investigate what happens if V 2 is excluded in an "induced way" that is only when the two "upper" sets are not related by inclusion. In other words, V 2 is excluded unless it is a P 3 . There is a standard notation for such a poset: 1 ⊕ 2 denotes the poset on 3 elements, a, b, c where a < b, a < c and no other comparabilities occur. Let La (n, V 2 ) =La (n, 1 ⊕ 2) denote the size of the largest family F of subsets of [n] containing no three distinct members F, G 1 , G 2 ∈ F
